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Answer all questions.

1. Let G be a finite subgroup of GL,,(C). Prove that 3 A € GL,(C) such
that AGA™' C U(n).

2. Let G be a finite abelian group and G denote the group Hom(G, C*).
For any element o = Y a, - g in C[G], compute the matrix of a with
g

respect to the two bases [ : g € G] and [ x(9)g : x € G] and conclude
g9
that det(agn-1) = TI X x(9)ay,. What is this identity for g = Z/27
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3. Let G be a finite group and f, 9. G — C be class functions. Prove
Plancherel’s formula: < f, g >= Z < f,xi >< xi,9 > where x1,...,Xs

are the irreducible characters of G
4. State and prove Maschke’s theorem.

5. Define a left semisimple ring. Show that any finitely generated left
A-module over such a ring, is semisimple.

6. Prove that the matrix exponential maps a neighbourhood of O in
M, (IR) homeomorphically onto a neighbourhood of Id in GL,(IR).

7. Let A € M,(C). Show that the columns of the matrix e’ form a basis
for the vector space of solutions of % = AX. Here X is a column
vector with X' = (z1(t), -, z,(1)).

8. If p: G — GL(V) is a finite-dimensional complex representation of
a finite group, define the ‘contragradient’ representation p* = G —
GL(V*) and the representation p@p : G — GL(V®V). Find x,+, X pep-

9. Let G C GL(n,C) be a finite group such that the action of G on C"
is irreducible. Prove that the centre of G must be cyclic.



